In this study, an Eulerian-Eulerian two-fluid model integrated with the population balance approach based on Multiple-Size-Group (MUSIG) model was proposed to simulate on the gas leakage bubbly wake of a ventilated cavitation problem. Three selected flow conditions with Froude number ranging from 20 to 29 have been selected for investigation. Predicted void fraction and bubble velocity profiles were validated against the experimental measurements in the high-speed water tunnel of Schauer (2003) and Wosnik (2005) . Sensitivity studies on the mesh resolution and three different turbulence closures were first carried out. In comparison with experimental data, the shear stress transport (SST) turbulence model was found to be the best candidate in modelling the re-circulation motions within the cavity wake region. To consider the neighbouring effect of closely packed bubbles, an empirical equation was proposed to correlate the turbulent dispersion coefficient to the local gas void fraction. Based on the proposed empirical equation, the turbulent dispersion coefficient reduces to 0.1 when local gas void fraction is higher than 60%. In general, numerical predictions were in satisfactory agreement with the experimental data. Some discrepancies have nonetheless been found between the numerical and experimental results. The lack of exact gas leakage mechanism remains an outstanding challenge in determining the actual gas leakage rate and initial bubble size from the continuous cavity. Further effort should be also focused on combing free-surface tracking model with the present population balance approach to investigate the complex vortex structure and interaction between ventilated cavity and discrete leakage bubbles.
manoeuvring velocity. Nevertheless, it is rather difficult to maintain such high speed due to the friction of liquid. Another approach is to increase the cavity pressure by injecting gas bubble into the liquid. This method is commonly referred as -ventilated cavitation.
One critical problem for ventilated cavitation has been to determine the amount of ventilation gas that is required to sustain a supercavity for a given vehicle or dimension. At steady state, without any phase change due to condensation or evaporation, gas ventilation rate is balanced by the gas leakage rate at the cavity tail. According to Semenenko (2001) , if the cavity deformation due to gravity effect is insignificant, gas leakage is primarily governed by toroidal vortex shedding structure and recirculation motions of the re-entrained jets. As depicted in Figure 1 , caused by the high shear stress, the vortex flow structure shatters the gas cavity and exposes part of the vehicle body to liquid phase. This particular shape of cavity is commonly referred as Gilbarg-Efros type cavity closure.
It is well known that the Gilbarg-Efros type cavity could induce unsteady hydrodynamic forces, structural erosion and vibration problems to the vehicle body. In order to circumvent this problem, a fundamental understanding of the two-phase flow structure and its associated gas leakage mechanism at various flow conditions is crucial. Unfortunately, it remains an extreme challenge to comprehend the exact mechanism not only in regard to the presence of discrete interfaces with large density ratio; but also the morphology transition from continuous cavity to dispersed gas bubbles.
A number of previous studies have been carried out attempting to investigate such complex physical phenomenon. Young and Kinnas (2003) employed potential flow method to model toroidal vortex shedding structure. Nevertheless, aiming to simplify the computational scheme, interfacial viscous effect and dynamics of the free-surface were ignored in their simulation. The method also heavily relied on the empirical models for cavity closure; where gas leakage processes were not solved explicitly. Recently, a more sophisticated modelling approach based on EulerianEulerian framework was widely adopted (Owis, 2002; Qin and Song, 2003; Lindau, 2000, 2005; Goncalves, 2009 ). Qin and Song (2003) proposed a density mixture model to simulate the flow structure of ventilated cavitation. Similar numerical scheme was also found in Goncalves (2009) . In their model, flow field was solved based on one set of continuity and momentum equations. Density of the fluid was evaluated based a continuous function expressed in terms of gas void fraction which is solved by an additional transport equation. However, interfacial effect of the free-surface was also neglected. Kinzel (2007 Kinzel ( , 2008 adopted the Volume-Of-Fluid (VOF) model to explicitly track free-surface of the cavity. Although the free-surface was successfully captured by the VOF, noticeable prediction errors were reported for the predictions in the wake region where continuous cavity was shattered into dispersed gas bubbles.
In summary, aforementioned studies were primarily focused on capturing free-surface interface of the front part of the ventilated cavity. Re-circulated motions and dispersion of discrete gas bubbles in the wake region have received less attention in literatures. One should be noticed that the breakdown of cavity is predominated by toroidal vortex structure and dispersion of bubbly flow in the wake region. To better understand the Gilbarg-Efros type cavity closure, numerical simulations using Eulerian-Eulerian two-fluid model were carried out to model the dispersion of discrete gas bubble and its embedded complex flow structures. Population balance approach based on the MUltiple-SIze-Group (MUSIG) model (Olmos et al., 2001; Tu, 2004, 2005; Frank et al., 2005 ) was adopted to capture the evolution of the bubble size distribution due to coalescence and breakage. Numerical predictions were then validated against the re-entrained jet experiment by Wosnik et al. (2003 and . Figure 1 . Schematic of toroidal vortex shedding structure and re-entrained jet of a Gilbarg-Efros type cavity closure.
MATHEMATICAL MODELS 2.1. Two-Fluid Model
The two-fluid model based on Eulerian-Eulerian approach is one of the widely adopted approaches to model two-phase flows with significant gas void fraction. In this paper, the liquid phase is treated as continuum while the gas phase is considered as dispersed phase. Two sets of governing equations are solved for each phase. As interfacial heat and mass transfer is negligible, energy equation is not included in the numerical scheme. Without interfacial mass transfer, the continuity equation of the two-phases can be written as:
( 1) where α, ρ and u → is the void fraction, density and velocity of each phase. The subscripts i = l or g distinguish the liquid and gas phase. The momentum equation for the two-phase can be expressed as follows:
where µ e refers to the effective viscosity which is summation of dynamics viscosity and turbulent viscosity, g → is the gravity acceleration vector. F i represents the total interfacial drag and non-drag forces which govern the distribution of the liquid and gas phase distribution. Details of the interfacial terms are described as follows.
Interfacial Momentum Transfer
The total interfacial forces can be categorized into four main terms: drag, lift, wall lubrication and turbulence dispersion. Based on extensive parametric study, the effect of wall lubrication forces has been found to exert insignificant influence to the gas phase distribution. Wall lubrication forces are therefore neglected. The total interfacial forces are then given by:
Here, F lg denotes the momentum transfer terms from the gas phase to the liquid phase and vice versa for F gl .
Drag Force
The inter-phase momentum transfer between gas and liquid due to the drag force is modelled according to Ishii and Zuber (1979) as: (4) where C D is the drag coefficient which can be evaluated by correlation of several distinct Reynolds number regions for individual bubbles. The model also takes into account dense particle effects, which is suitable for the multiphase flow in this research containing high void fraction area.
Lift Force
Due to velocity gradients in radial and azimuthal directions, bubbles rising in a liquid are subjected to a lateral lift force. Appropriate modelling of the lift force is important to obtain the correct spreading of the gas phase. The force can be correlated to the relative velocity and the local liquid vorticity from Drew and Lahey (1979) as:
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For the lift coefficient, C L , the EÖtvos number dependent correlation proposed by Tomiyama (1998) is adopted. More details can be found in Cheung et al. (2007) .
Turbulent Dispersion Force
To account for the random (dispersive) influence of the turbulent eddies on the bubbles, the concept of the turbulent dispersion force is introduced. The effect of the turbulent dispersion force, just like that of the lift force, is also important to obtain correct dispersion of the gas. The turbulent dispersion force expression in terms of Farve-averaged variables proposed by Burns et al. (2004) is adopted, viz: (6) where C TD , C D , ν t,g and σ t,g represent the turbulent dispersion coefficient, drag force coefficient, turbulent kinematic viscosity for the gas phase and the turbulent Schmidt number of the gas phase, respectively. By default, the turbulent dispersion coefficient C TD = 1 and the turbulent Schmidt number σ t,g = 0.963 are adopted.
Population Balance Model
The population balance method is adopted to predict the size distribution of the dispersed bubbles. The population balance equation is solved by the Multiple-Size-Group (MUSIG) model where bubble size distribution is discretized with multiple discrete bubble classes. Assuming each bubble class travel at the same mean algebraic velocity, individual number density of bubble class i based on Kumar and Ramkrishna (1996a) can be expressed as: (7) where n i is the average bubble number density of the ith group, the source terms P C , P B , D C and D B are the production rates due to coalescence and break-up and the death rate due to coalescence and break-up of bubbles respectively. The break-up rate of bubbles is computed according to the model developed by Luo and Svendsen (1996) , which is developed based on the assumption of bubble binary break-up under isotropic turbulence situation. The coalescence rate considering only turbulent collision is taken from Prince and Blanch (1990) . The breakup and coalescence coefficients are introduced to modify the original correlations which are developed based on bubbly co-flow situation.
EXPERIMENTAL DETAILS
In the present study, numerical predictions are validated against the experimental measurements in the high-speed water tunnel at St. Anthony Falls Laboratory of the University of Minnesota (Schauer, 2003 , Wosnik, 2005 . In their experiment, measurements were carried out in the water tunnel test section of 0.19 m (W) × 0.19 m (H) × 1 m (L). To study the re-entrained jet leakage mechanism of ventilated cavitation, a test body with 10 mm cavitator installed at the front was placed at the middle of the test section (see also in Figure 2 ). Velocity distribution of gas bubbles were measured using Particle Image Velocimetry (PIV) technique. Photographic luminous conversion based the normalized grey-scale value was adopted to extract the time-averaged gas bubble void fraction profiles. Three different flow conditions, expressed in terms of Froude number, dimensionless ventilation rate and cavitation number, are selected for validations. Definitions of Froude number F r and the ventilation rate are given: ,
where u ∞ refers to the mainstream velocity, D n is the cavitator diameter and Q · is the volumetric gas ventilation rate. Detailed flow conditions are summarized in Table 1 .
NUMERICAL DETAILS 4.1. Mesh
Since the experimental water tunnel and test body are symmetric, numerical simulations are only performed on a half portion of the water tunnel. For the non-cavitating flow condition (Case 1), as shown in Figure 5 , non-uniform mesh are generated throughout the computational domain covering the whole test body with the cavitator. For the cavitating cases (Case 2 and 3), the front part of the test body is covered by the cavity where gas-liquid interface is assumed to be steady and evaluated according to empirical correlations of Logvinovich (1964) and Savchenko (1998) . The cavity is assumed to be ruptured at the highest interfacial shear stress point where the cavity has its maximum diameter. The final outline of test body and the interface of the cavity are depicted in Figure 3 . Similar body-fitted grid structures consisting of approximately 160,000 grids are adopted for both non-cavitating and cavitating flows (as shown in Figure 4 ).
Boundary Condition
For the non-cavitating case, velocity inlet boundary and pressure outlet boundary are applied in accordance with the experimental conditions. The surface of the test body is considered as no-slip boundary. For cavitating cases, as interfacial mass transfer is negligible, gas leakage rate of the cavity is assumed to be equal to the gas ventilation rate as measured in the experiment. Following M. Xiang, S. C. P. Figure 3 . Schematic of the test body with cavity interface evaluated based on Logvinovich (1964) and Savchenko (1998) . Figure 2 . Snapshot of ventilated cavitation and gas leakage behaviour by Wosnik et al. (2003) .
On the Numerical Study of Bubbly Wakes Generated by Ventilated Cavity using Population Balance Approach the study by Evans (2004) , the gas leakage rate is specified through a velocity inlet boundary located at the circumference of the cavity base (see also in Figure 3) . To determine the area of the inlet boundary, an assumption is made for the gas film thickness. Gas bubbles with uniform diameter are specified at the inlet. Detail parametric studies on the gas film thickness and bubble initial diameter are summarized in section 5.2.1. The cavity interface is set up as free-slip boundary while the test body is modelled as no-slip for both liquid and gas phase.
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Numerical Method
The generic CFD code ANSYS CFX 11 (ANSYS, 2005 ) is employed as a platform for two-fluid flow computation with the built-in MUSIG model adopted. For the MUSIG model, bubbles ranging from 0 to 10 mm diameter are equally divided into 10 size groups. The governing equations are solved by a finite-volume approach. The convection terms are discretized with second-order upwind scheme while a central difference discretization scheme is applied in the diffusion term. For all flow conditions, reliable convergence is achieved within 2500 iterations when the RMS (root mean square) pressure residual dropped below 1.0 × 10 −7
. A fixed physical time scale of 0.001 s is adopted for all steady state simulations.
RESULTS
Sensitivity Study on Mesh Resolution and Turbulence Modelling
In order to carry out grid independence analysis, three grid levels covering the range of 80,000, 160,000 and 280,000 elements have been created corresponding to coarse, medium and fine mesh. Figure 5 shows the predicted radial velocity distribution obtained using different mesh levels at various downstream distances in comparison to the experimental data. As depicted, velocity magnitude within the wake gradually reaches its freestream value as the downstream distance increases. In general, the asymptotic behavior of the axisymmetric wake is accurately captured by all levels of grid. Almost identical predictions are observed between middle and fine mesh at all four downstream positions. Therefore, it can be concluded that the middle mesh resolution is sufficient for obtaining grid independent solutions. The y + values at the centre of the first cell of the middle mesh vary between 12 and 27. Sensitivity study on the turbulence closure was also carried out. Radial velocity distributions predicted by three different turbulence models (i.e. standard k∼ε model, RNG k∼ε model and the k∼ω based Shear Stress Transport (SST) model (Menter, 1994) ) were compared with experimental data. As shown in Figure 6 , the standard k∼ε model over-predicted the velocity magnitude; while predictions of the SST model were in good agreement with measurements. As a result, all numerical predictions presented hereafter were obtained from the middle mesh and SST turbulence model.
Multiphase Model Analysis
Parametric Studies on the Gas Film Thickness and Initial Bubble Diameter
For cavitating cases, as the interface of the cavity is pre-determined by empirical correlations, gas leakage rate is modelled by specifying an inlet boundary at the tips of the cavity base. One parameter determining the gas inlet area is the gas film thickness δ g . As there is no measurement made on the gas film thickness, a parametric study has been carried out to investigate its influence to the downstream gas void fraction distribution.
The parametric study was carried out with respect to the cavitating Case 2. Figure 7 shows the predicted void fraction distribution along the surface of the test body at the downstream of the inlet based on two δ g values (i.e. 1 mm and 5 mm). As depicted, the two selected gas film thickness have insignificant influence on the void fraction distribution. In both film thicknesses, gas void fraction became zero at the same axial distance x = 0.082 m. This demonstrated that the predicted liquid reattachment points were practically identical in regardless the gas film thickness. Void fraction values beyond the liquid re-attachment point were almost identical in both cases.
The initial bubble diameter specified at the inlet boundary is another important parameter to model the gas leakage behaviour. Figure 5 shows the profile of the sauter mean bubble diameter along the radial direction at the first grid cell downstream of the cavity base. As depicted, three initial bubble diameters, corresponding to 1, 3 and 8 mm respectively, were specified at the inlet boundary. Nevertheless, for other downstream locations, differences of the bubble diameter were significantly diminished. This is due to the fact that the downstream bubble sizes were On the Numerical Study of Bubbly Wakes Generated by Ventilated Cavity using Population Balance Approach
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predominately governed by the coalescence and breakage mechanism; of which are mainly related to the local turbulent dissipation rate. The above parametric studies demonstrated that the assumption of the gas film thickness and the initial bubble diameter have insignificant influence on the main torodial re-entrained jet structure. Discussions and findings presented hereafter obtained with the gas film thickness of 1mm and the initial bubble diameter of 3 mm.
Turbulent Dispersion Force
Turbulent dispersion force plays a significant role in the present study, due to its dominant effect on the dispersion of discrete gas bubbles. Preliminary simulation results for the Case 2 using two Figure 6 . Predicted radial velocity distribution in the wake of the test body using different turbulence model. different turbulent dispersion coefficient, C TD , are presented in Figure 9 . As depicted, the void fraction distribution is extremely sensitive to the value of C TD . At high C TD = 1.0, gas void fraction within the wake region behind the cavity were found to be under-predicted. This is due to the fact that the turbulent dispersion rate of discrete bubbles was over-estimated; which in return causing an unrealistic amount of bubble diffused into the mainstream of liquid. However, void fraction distribution along the centre-line behind the test body was found in satisfactory agreement with the experiment data. 
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For low C TD = 0.1, the void fraction within the wake region was successfully captured; while the void fractions at the downstream of the test body were significantly over-predicted. The above numerical errors were mainly caused by the uniform assumption of the C TD . At high void fraction situation, where bubbles are closely packed, turbulent dispersion of bubbles is hindered by the existence of neighbouring bubbles. Similar observations were also found for the drag force of bubble by the experimental study of Simonnet et al. (2007) . They concluded that the neighbouring effect of close packed bubbles becomes significant if the void fraction exceeds 15%. An empirical equation was also proposed to correlate the drag coefficient with the local gas void fraction. Following the same agreement by Simonnet et al. (2007) , a new variation law of C TD is developed to take into account of the effect of void fraction as follows: (9) This formula contains 3 main empirical constants (i.e. C min , C max and m). C min and C max determine the minimum and maximum turbulent dispersion coefficient respectively; while m is the criterion for dividing low and high void fraction region. In our research, C min = 0.1, C max = 0.9 and m = 4.8 are chosen according to the experimental data. The variation of C TD against void fraction as evaluated
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Multiphase Flow Characteristics
Flow Field Parameters
The predicted gas void fraction and streamline, pressure and liquid velocity contour at the centreplane of the tunnel water are shown from Figure 11 to Figure 13 respectively. As depicted by the streamline in Figure 11 , a strong toroidal vortex structures were formed right behind the cavity base. This re-circulation motion held most of the leakage bubble forming a high void fraction bulk within the wake region. The mainstream of liquid flow was found re-attached to the test body. As additional drag and pressure forces could be imposed on the test body (see also in Figure 12 ), possible causing structural vibration, such re-attachment of liquid flow is not favourable.
Moreover, due the gravity effect, the volume of the lower wake region was found slightly larger than upper wake region. This also contributed to the extra pressure force acting on the lower part of the test body. Figure 14 illustrates the predicted radial void fraction distribution at different axial distances away from the test body in compared to the experimental data. Caused by the bubble dispersion, the maximum void fraction decreased along with axial direction. As depicted, the predicted radial void fraction profiles were in good agreement with the experimental data; denoting that the bubble dispersion has successfully captured by the model. Comparison between the predicted and measured bubble velocity is shown in Figure 15 . Mainly driven by the interfacial drag force, bubble velocities were found gradually increase approaching the liquid freestream velocity along axial direction. Although bubbly velocities were slightly under-predicted by the model, the qualitative trends of the velocity profile were successfully captured.
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On the Numerical Study of Bubbly Wakes Generated by Ventilated Cavity using Population Balance Approach Figure 16 depicts the predicted gas void fraction contour for the cavitating Case 3. Figure 17 shows a qualitative comparison between predicted and measured void fraction profiles at different axial locations behind the test body. Driven by the gravity effect, the peak of void fraction profiles gradually shifted upper away from the centreline of the test body. It can be observed from the figure that magnitude and trends of void fraction profile were successfully captured by the model. Nevertheless, the locations of void fraction peak were considerably under-predicted. This could be caused by the uniform gas leakage rate imposed at the inlet boundary condition.
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Gravity Effect
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6.954e+000 6.520e+000 6.085e+000 5.650e+000 5.216e+000 4.781e+000 4.346e+000 3.912e+000 3.477e+000 3.043e+000 2.608e+000 2.173e+000 1.739e+000 1.304e+000 8.693e−001 4.346e−000 0.000e+000 As discussed before, gas leakage mechanism is modelled through the gas injection at the inlet boundary. Assuming the gas leakage rate is identical to the gas ventilation rate, gas injection is uniformly distribution at the inlet boundary in regardless of the gravity effect. However, as confirmed by the experimental observation (Wosnik, 2005) , noticeable less amount of gas leakage On the Numerical Study of Bubbly Wakes Generated by Ventilated Cavity using Population Balance Approach
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were observed at the lower part of the cavity. This could be caused by the gravity effect which slightly shifted the cavity interface upward and reduced the shearing-off of bubbles from the lower cavity. The uniformly distribution gas injection could be in turn over-estimated the actually gas leakage rate from the lower side, causing over-prediction of void fraction in Figure 17 . Figure 18 shows the comparison of predicted void fraction distribution along the surface of the test body for the cavitating Case 2 and Case 3. As depicted, the void fraction gradually decreases in the recirculation dominated area until the liquid re-attachment point. Another high void fraction area is also found at the tail of the test body. It can be observed that the predicted liquid re-attachment points were almost identical in both cases. This is agreed with the experiment observation that both cases show the same cavitation number 0.15, determining the length of the cavity. The pressure coefficient distribution is presented in Figure 19 . As the above, this parameter correlates well between two cases at the same cavitation number, especially in the recirculation dominated region.
Influence of Froude Number
Comparison between the two cases also ascertained that a higher ventilation rate is required to achieve the same cavitation number for a low Froude number situation. 
CONCLUSIONS
The Eulerian-Eulerian two-fluid model, coupled with the population balance approach, is presented in this paper to handle the bubbly wake flow created of a Gilbarg-Efros type cavity closure. The interface of the ventilated cavity was determined by empirical equations of Logvinovich (1964) and Savchenko (1998) . A sensitivity study on three turbulence modelling closures has demonstrated
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that the shear stress transport (SST) turbulence model is the best candidate in handling the recirculation motions within the wake region behind the cavity. Furthermore, to consider close packed bubble situation, an empirical equation is proposed to correlate the turbulent dispersion coefficient with local gas void fraction. Caused by the neighbouring effect of adjacent bubbles, the turbulent dispersion coefficient reduces to 0.1 if the local void fraction is higher than 60%. In general, numerical predictions at various axial locations downstream of the test body were in satisfactory agreement with the experimental data. The treads of the radial void fraction profiles were successfully captured. Nonetheless, bubble velocities and the gravity effect on the void fraction distribution were slightly under-predicted. Numerical predictions also revealed that the liquid re-attachment lengths were almost identical in both cavitating cases and predominated by the Froude number. Such finding is agreed with the experimental observation that the cavitation numbers of both cases were found almost identical of 0.15. This study presented a preliminary effort to incorporate population balance method into the two-fluid model to investigate the ventilated cavitating flow. Further effort should be also focused on combing free-surface model with the present population balance approach to investigate the complex vortex structure and interaction between continuous cavity and discrete dispersed leakage bubbles.
